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-

Recap : A. h .
A is a kxr integer matrix with * in its

row span he Riso
.

Want to test Ho : PEMA ,h us
.

Hi. PEMA.h
.

To do : Compute p - value . asymptotic vs
.
exact approach .

Propli If PEMA ,

and pix) -- f?
"

. . . f?"
.

xecr ]
,

then

Pf a) = ⑥
Au and the probability Pf =u/AV=Au)

does not depend on p .

• Based on Prop 1
,
we generalize Fisher 's exact test by

computing the p - value

PCX't Is, X' lull AV -- Au )

Here X4V)=§lViu÷ui ,

Ui -- rip. where

pi. is the MLE .

Hence the p - value is :
t

fi is the
lectured

.

€#u , 1×443×44/1 fi ! ) same for all tables
in the fiber .
-

Ena , 'll vill

→ Exact computation of this quantity is prohibitive .

Thus we sample from elements in the fiber .



DEI Let MA be the log- linear model associated
with a matrix A , ttfrowspanla )

.

A finite
subset Baker,zA is a Markov basis for MA
if for all Uf Tcn) and all pairs V. V' E Flu ) there

exists a sequence u . . . . .

.
ULEB such that

L l

V 's Vt Eur, and v t Eun 30 for all
K= , k= ' 1=1 , . . . , L
-

This is saying entries in the

transition tables always need to be
positive

Algorithm ( Metropolis - Hastings )

INPUT : A table UE Tin ) and a Markov basis for MA
.

OUTPUT : A sequence ( X' (vi. X' ( Va) . . . . .→ . ) for tables
Vt in the fiber Flu ) .

STEP 1 : V, -_ U .

STEP 2 : For f- 1,2. . . .

( i ) Select uniformly at random a move UTEB
.

Iii) If any coordinate of Vttut is negative , set
Vtti = Vt

,
else set

Vtt , =/
+ Ut

with probability { 17g,
where g-- min { 1 , PlU=VttUtlAU=A# fPlaut IAU -

- Au )
→Thet fact that this

Ciii ) Compute X4Vt) is a ratio means we

don't have to comport

¥Fiui¥vi !



Tim The output ( X4vt ) )! , of ALG
. is an aperiodic,

reversible and irreducible Markov chain that has

stationary distribution equal to the conditional
distribution of X4V ) given ATE Au .

Corallite With probability one
,
the output sequence ( X' (Vt))F= ,

of

ALG satisfies

l
'm?. Mt Ea ' 1×4*13×441 -- MM '

' X'luffa
. au,

Thm ( Fundamental Thm of Markov bases)
.

A finite subset BE Ker,zA is a Markov basis for A

⇒ the corresponding set of binomials

{ put- p" : ve B ) is a generating set for the
toric ideal IA .



Conditional independence models ch
.
4

.

Sullivant
-

Let X -- ( X . . . . .

.
Xm) be a random vector

with state space X -- II.Xi .
f- txt f- (x . . . . . .

Xm) is the joint pdf of X
.

• For A Elm)
,
XA= ( Xa)aEA

,
XA = ataxia .

DEI . Let A- Elm)
.

The marginality falxa ) of XA is obtained

by integrating out xcmna :

f-At XAH-fqmt.la/A.XcmhA)dVcmnAlXcmhA) .
XAEXA

• Let A. BE Cml be disjoint and XBEXB
.

The conditional density of
XA given XB = XB is

f- AIB ( XAIXB):=ftAUB¥AjYB) .
if FBCXB) > o

o otherwise

• Let A. B, C C- Cm) be pairwise disjoint. The random vector XA

is conditionally independent of XB given Xc if and only if

f-AUBIC ( XA
. XBI Xc ) = fate (Xalxc) - f- Bic ( XBIXC)

for all XA , XB , Xc .

Notation : XAILXBIXC

f-Al Buc (XAIXB .Xc)= fAuBlclXAiXB = fate ( XAIXC )

FBICCXBI Xc)

"

Given Xc
, knowing XB does not give any

information about XA "



Suppose X=lXi, . . .

.
Xm) is discrete

.

Xj has outcome space Crjl .

X= ITCH
jam]

Proposition If X is a discrete random vector
,
then the condition

.

Independence statement XAILXBIXC holds if and only
if

Pia .iB
. ic.t-pja.jp.ic.t-pia.jrs.ic.tipia.irs.ie.t=°

for all in
. JAE XA . IB . JBEXB

,
ice XC

.

NOTE : this is a binomial

Pia
, IB

.

ic.t-MXA-ia.XB-c.rs , Xc=ic ) if AUBUC = Cm]
.

These can be realized as
minors of

P×=P( X -

- x ) X EX x-tei.ie
. . .
.im) iv. Ear

. ) matrices
.

Pia
. iB.ic.it

= I Pia.irs.io
, j

overall sub indices T
in TIXI

c- ECMHIAUBUC )

pf .
MXA -

- ia.XB-irs.Xc-icl-MXA-ja.XB-g.rs
,

Xc -- ic )

= PlXa=ia/XB=iB ,
Xeic) PIXB -- IB , Xeic )
I swap I swap

- PHA -- ja I XB=jB ,
Xc -- id PlXB=jB , Xc -- ic ) a

Def The conditional independence ideal IA# BIC Elam is generated
by all the quadratic polynomials in the Prop . The discrete
conditional independence model

,
r -- 1×1

MAHBIC = Va IIAHBK) for- i is the set of all probability
distributions in Dr- i satisfying the polyn . in Prop .



If C={AIB , IG . AzHBz/Cz , . . .
. . I is a set of conditional

independence statements , we construct the conditional mdep .

ideal
Ie = { IAIBK

AIBIC EC
.

which is the sum of ideals generated by quadrics
The model

Mc Vg( Ie ) E Or consists of all probability
distributions satisfying

the constraints in C
.

Examplei Binary contraction axiom .

C- { 112/3 , 2131 . ⇒ { 2111,311

Ig = ( pulp221 - Pla P2"


