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Recapi Discrete exponential families are toric varieties
and are represented by data A. h where A is

a kxr integer matrix with in its row -span
and h is a vector in Riso

.
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Statistical tests for discrete exponential families .

Generate : Consider a DEF MAH E Or- , and suppose
we collect data X'

"

. .
. .

.

X
" '
EAT which are indep. and identic .

distributed according to a distribution PE Intl Or- i ) .

We would like to test

Ho : PEMA,h vs
. P # MAh

.



Example : Data 326 homicide indictments in Florida
.

Binary class if : X -

- Race -- { Bff ,
Y -- Penalty

I. Were decisions of penalty made
= { ¥1

independent of race ?
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19 141.¥i:÷t÷t
Hypothesis testing problem : Ho : pEMx±y us

. Hi : p¢Mxay
.

Chi - squared test of indep : If Ho is true ⇒ Pij = Pitptj

The expected number of occurrences of fX=i , Y=jt
is npitptj

We can estimate the marginal probabilities by using

pit = Unit Pij = Unit ,

Uit = Uiotllii

Utj = Uojtllij

→ We can estimate the number of counts npitptj by

^Uij= Npi't ft 's



The X
'
- statistic XTUI-i.iq?.lUii-u-2Uij

If Ho is true we expect a small value for X' cu )
.

We reject Ho is X4u ) is too large .
How large ?

The probability that X4U ) takes a value greater{than or equal to X4u) provided that Ho is true
.

p- value

God Compute PlX4U)hX4u) )

Asymptotic approach : Suppose ma and use

prop.9.1.li If the joint distribution of X is given by
a distribution PEMA .h , then

Iihf, PC Xiv ) sit ) -- Pl sit) for all tho ,

where df -- r - I - dim MA , h is the co dim
. or # of

degrees of freedom of the model .
i. e

.
For a true distribution lying in the model

,
the Pearson

X
' statist i converges in distrito . to a X2df .

Drawbacksi What if sample size is small and contingency
table is sparse ?

Exact Approach : Can we calculate this p - value some

other way ?



Denote by Cr ) the outcome space .

Assume h=1
.

Let Tlnl = { U E Nr : Eui = n )
ie r

Defl.tl We call the vector Au the minimalsuf-f.int
statistics for the model MA

,

and the set

of tables
Flu ) = f VE Nr : Av = Auf

is called the fiber of the contingency table
UE TIM W -

r . t the model
.

A- E row span ⇒ xA= 1 x ( Av) = x (Au)
Iv = IU ⇒ Evi =EUi=

n
.
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and the conditional probability Plaut AV -

- Au )
does not depend on P .
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Moreover
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• Based on Prop 1
,
we generalize Fisher 's exact test by

computing the p - value

PCX't Is, X' lull AV -- Au )

Here X4V)= E Ivi - uit
if g-

,

Uni = npi. where

pi. is the M
,

LE
.

Hence the p - value is : Lectured
.B. is the

€#u , 1×443×44/1 fi ! ) same for all tables
in the fiber .
-

Ena , 'll vill

→ Exact computation of this quantity is prohibitive .

Thus we sample from elements in the fiber .


