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Toric Varieties

Def 14:  ceR,,, A=(ay) ez = m+eqer matrix
1=(4,.... 1) eRowspan (A)

¢ (C9=5 P

t— (et et

Where t‘-“(t.,tk) : QJ=(G.J sz QKJ)

of

monomial d: Qi
exponent — Cj A CjTl—tg"
(=1

notation

Xac= im %< is the scaled projective toric variety
associated to A.c.

XA i XA,L




Defining ideals of toric variefies
K= 'R[P"""P'] is The coordinate ring of P

Def 1.2: The ideal Tac= I(Xac) SR is called _J’_lne
Toric ideal associated to the pair (A,c). IA:': LA

o Obtain gens of T4e from gens of Ia P P./c

-

he Toric mleal _[A is a binomial ideal and
Lp= <p —p u,ve N* and Au= Av)
I{- 1GrowsPan(A) 2 d_A IS homogeneous

Pro_p 1. %




Detining ideals of toric varieties
K= 'R[P"""P'] is The coordinate ring of P

Def 1.2: The ideal Tac= I(Xae) SR is called the
Toric ideal associated to the pair (A,c). IA:‘; IA,i

o Obtain gens of T4e from gens of Ia P P./c

Pro_p 1. %

'he toric ideal Ia is a binomial ideal and
IA=< p"‘ — p" . w,ve N" and Au= Av)
I+ 1€rowsPan(A) 3 1A is homogeneous

The beau’r(j of toric varieties is the close relation
between the discrete geomehg of P=conv(A) and
the algebraic geome’rrg of Xac
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o [he variety Xa only depends on the rowspan of A,

/1100\

0 0 1 1| defines the same variejrg p;con(A)-C-/Rq
1 01 0| is equivalent to P
OO 5

(t. s, )Ca,{:ﬂ =/ (JC.ch, L ity td:a,)

AKA:  Segre embedding P'xP'—IP°




Some Probabimy and Statistics

X=random variable . X discrete ~ pro\oabilijrg mass function
X continyous ~ densi+g function

Examp|e 455

(1) Suppose 0e(01) X~ Bernoulli(8)
X = stafe space = {0.1] P°fg(><:0) i P(X=1)

1,_
(Po.P)ER™, R P>0 p+p=1

(2) X‘-‘- univariajre Gayssian mean=M _ varignce = o>

":(XIM,O’Z): ] 7
JaTo*




Def 1.6
e A statistical model M is a collection of pdfs or
pm.fs over a given space

d

0 @= ‘Fin. dim parame+er space C R
M@ = oaramehic S+a+is+icq| rY\Oo’e\ /ggpace o{' pd{:S/meg

= Image of a map p-B— Mg 0 P,

= \ p: o€ @5

o identifiable: o is uniqrvelj defined bg v

<




Def 1.6

o A statistical model M is a collection of pdfs or

pm.fs over a given space

v« O-= Fin. dim parameter space = rIZd

M@: parametric statistical mode
= |Maqge of a map Rr@—*\M@ , B0 Po
={ p: 6€ O

\ 9SP&CQ O{’ Pd‘FS/PMfS
/!

’ dentifiable: o is uniqrvelj defined bg v

—xample 1.5 (again)
(1) Bernoulli mode

(z) Gavussian made:

[ or): (K, 00) e (R*ﬂz>o§ ¢

- Mg=1{ pe(6.1-0) : 66(0,1)} c R

o Space of

densities




The probabi\ijr\j simplex s
Ar-|:= {(P,,Pz,.--,Pr) €‘Rr‘ P20l P 1+p = '15

Det 1.3 A discrete shatistical mode| is a subset J/{QAOF,.

Example 1.5 (continved)
(2) The independence model Mxwy={ f: 6 € D x Bu-if

X= discrete rv stafe space {f.....nJ
e o f1m}
P Aoﬂ-l onm-« =
(@), 1N« UB} L b = (0ib) ] | Gahal)
If n=m=2 = (0,0 x(b,.bs)— (ab,.0bz, aub\, azby)

MX.LL)’ + \/( Pu Poo - Pon Puo) 4 AO3
n algebraic statistics we identify A ~ 7 (Why? exercise)




Exponenﬁa Families
Def 1.8 A Lamilg of pdfs/pmfs 1s called an exponential family
if it can be expressed as:

f(x)= h(x) c(p) QXP( > wie)ti)  ©= parameter space
e h(x)»0

do not
e ti(x),... . tr(x) are real valved functs. of x(depend nf)

c=1

® c(9)>0

bl
® Wi(0),..., Wk(0) are real valved functs, d"jf,;,,g on 6)




Exponenﬁa Families
Def 1.8: A family of pdfs/pmfs 1s called an exponential family
if it can be expressed as: |

f(x)= h(x) c(p) QXP( 2 wie)ti)  ©= parameter space
e h(x)»0
e t.(x),....tk(x) are real valved functs. of X(d‘iopg:; n6)

® ¢(9)>0

bl
® Wi(0),..., Wk(0) are real valved functs, d°§f,;,,3 on 6)

Example 19

{Binomial(n,é) : 96(0,1)53' Bn

Perform Bernoulli experiment n times . 6= probability of success
dEe T anl o el X

Fxlo)= (3) % (-0 (7] u-0)" [ & )" (Wf“fe )

the board




@-‘-parame’fer space of the ]Camily
f(xle)= hix) c(e) exp(iz‘; Wil ti(x) . 0€@
Consider
@:’{(ﬂu...,nu)elRK: M= Wi(0), ... N=wWkl(0) , BE€ @j
S {(,...0): meRj SR
Extend the parame+er space and consider:
flxIn) = hix) exp( %n; t; (x)) . (

|
)
h(x), t;(x) as before. i

Z(n)= 4/‘§ h(x) exp| %ﬂz ch(x))dx = ,og— parfition funcTion

Natyral FParameter space = #:{(n.,...,m): _Sﬂxm)dx<w}
k- dimensional ‘[:amilg if dlm ﬂ=K




Discrefe Regv|ar Exponential families

F(xn)= h(x)_1_ entT(X)
Z(n)

,n/t: (nll °”'nk) ’ T(X):

== e
T X— R =2 T(x) is a vector
N T O IR s [UhD, Wiy, [hie))| i | viector

K
FO( YLG”Z f +h€ r)ormalizmg C0ﬂ5+an+ IS a sym
Z('Yw: z h(‘X) e‘?\ T(X)

xe(r])

Lot Z(n)= ofMW

For x e(r] P,L(x) = h(x) Qnt T(x) = pln)




axf’—‘T(X)
e'ﬂna«x enzau. o eﬂK Ak x

Pn(X)-" h()() e"l.alx e'ﬂkﬂxx
Z(6)
g g
Z(0)




axf’—‘T(X)
e'ﬂna«x eﬂxau. o eﬂK Ak x

Pn(x): h()() é’l.alx eﬂ«(lxx
2 (o)
g g
Z(0)

if QX are Integers =




‘ |

|

CIMPA Summer School 2022

MATHEMATICAL METHODS IN DATA ANALYSIS

dates: July 18-July 29, 2022

BREAK




Examples
(1) Log-linear models
(2) Undirected graphica\ models

(3) Bayesian NetworKs/DAG models

(4) Staged tree models

All these models are algebraic varie

- S

and are subsets of a probabilH'y <

mplex




Loc} linear models
Def 14: celRo, A=(ay) €Z = inTeqer matrix
1=(1,.... 1) eRowspan (A)
¢ (C) = 'Pr-
IR AL SEEAn

Xac= im %< is the scaled projective toric variety

associated to A.c.




Locj-\inear models
Def 1.4 celRo, A=(a;) €Z = inTeqer matrix
1=(1,.... 1) eRowspan (A) o

o bt (CE==P

of

ISERRTREL REEAn

Xac= im %< is the scaled projective toric variety
associated to A.c.

Let W= V{x - % (X|+°~+3_<r)) S P define the map
Xac\W — (C*)

O = X = (el
Yot 2 X

[+ iImage is closed and denoted by YA,C
r 0 ek :
e Yoo 0 Roo & £y o Log-iinear model




Undirected Grophica\ Models
G=(V.E) an undirected graph
V‘[P] g Vec+or of discrete random variables

~X, %, ,XP); X [dil= state space of X
XEd= 0 e R =i e celp)

oA C\ique is a set CSV such +hat (;,j)eE tor all ije C
*C(6)=1{ all maximal cligues]

oRc ><5=<Xz>ieB

o For each Cel(6) infroduce a poJrenJria\funchion ¢C(><c)>/0
on X¢ ,the sfate space of Xc

Examp\Q 110 Xe= (X, Xa, X2 Xa) vector of binary r.v.

O c()-{{ra. {1.3), [3.4]. {24]. 0= 1.2

(2~ Sbc:{o,ﬂl——? R, o B, (00), 9, (01), @, (10). dplin)




D€1C 141: The parame+rizeo| undirected qraphical mode]

MG) consists of all pdfs on X of the form
f(‘)()-: S _‘T ¢C (xe)
Z Cel(s)

]Lor some po+en+ia| funcjrions ¢C(xc), wWhere Z-= Tr¢c(xc)d/4(x)
Cee(e)

paramefer space = tuples of poTential functions
st Z< o0

1‘: Factorizes accordmg +o G it it can be writTen as above
for some potential functions

M(G) < A,m 1 {(ﬂ)xéﬂ frelo) ¥xeR]




Examp\g 110 Xeug= (X1, Xa, X2.X4) vector of binary r.v
Y i CE)={{1.8. {13 {341, {24}}.
-

CI Cz Cg C4
0 o) + |
A0|q2|_1= A24_1 = AIS 2 M( 6) Parame it

DescripTion

Cligue factorization  x= x, %% € ®

F(x)= e xaxa)= @ (%) Polxe,) Peilxe,) P(Xe,)
= B 1) B, (x%) Py (xs) P (Xa)

For each C\igrue C,, treal QbC((OO), QbC;(O'), Pc.(10), ¢ci(1), as
indeterminates
For each xe® (x) is a monomial in the symbols

Bc.(xe)  i=t234 FExercise: Write the exponent matrix
A for this model




:mp\icijr DQSC(iPJYiOﬂ of ﬂ(g |
ﬂz[,%ooo/ A el I B'l“] —g ﬂz[eft i

Ci | (> Ca | (4
Prooo ™ oo Boo Gao Eoo

| RSB IRE Y
Poio) F So1' Boo Qo1 O

Ker(,) is a toric ideal that defines M(6)
implicitly




Directed Graphical Models Bages‘an NeTwor Ks
6=(V.E) directed acyclic graph E-= directed edges

\/ [P] ~ vector

~OGK

of duscre+e rano'om \/aruables

XP) 7 XCP’J

xR  Belp)  f(Xk! xg)= Conditional distribution of

celp)  Pagli)={ ;

XK given Xg .
HE By 655

A distribytion -
£(x)=
£(X,

—eA,m 1 tactors accordmg o G if
W‘F('X Iqué(‘)> *For a” X-"—'X.XL"“XPEQ

T[TH Xi | Xpag o)




The DAG model M(G) <A, consists of all
{:GAlﬂll That factor accordmg To G

‘_,Xamp\e 1.14: XM] (X, X2, X3.X4) vector of bmary [.v.

(E==T A
L] 0= FOOFORIX) FOX1X) £ 0] %)
®— @

XQ% X = X:szz X4

‘F( X) = ‘F(X;’: ?(-) %(Xz'—' Xg_\ XF’)Q)'F(X?’;Xg\ Xz = ><L>f(X4=9<4/Xzs:XzX?

L Recu rsive fachor'u zaJri on




FY 2 01= Sl | I OGEL =TS ] T [Se% S

Xz IX=0)= 82 | FOGE | W=0)=S; [ Si+S5=1
'[;(XL:O)X;:1>=S4 ‘F(Xz.=1 X;=1)=SS, Sq + Sc=1

f(Xg=0 |X=0)= 8¢ F(X;=1] X,=0)=S3 . Se+S1=1

F(X3=0] Xi=1)=Ss  £(X3=1] X,=1)=Sq, Sg+Sq=1
9. PRI AP DAL E D7 B ANER . AR TIPSO D

Sq S ENER Sy + Si2=1 Siz + Siq =1 S|5 +Sig= 1

f( 010 1) = 505355 Si4 Parame+ric Descrip+l'or)

(o) 0 %
g i AV IERR VAT > Ale4
(So, . ... Sic) — (£00= T 01 Xpagen)) e R

—

(Qpey |

)= 9 -dimensiona) model in e




_:mp\icijr Descrip+ion of M(G)
(}Z[H)ooo/ L2, % B'lﬂ] AT -one ideal

— SO Sz, 56 Sq

POOOO

POIO, — 6053 56 S|4

Ker(Bg) is a prime ideal, not foric, that
difenes M(G) lmpliciJrly

WAKNING : DAG MODELS ARE NOT ALWAYS TORIC




Tn Cjenera\ undirected modekﬁt directed models
G=DAG

ﬂ(@) s/l a c’ecomposab]e mode|l it G is a
chordal gr’aph([.e every induced Cycle OFIengﬂ%

4 Hais | @ chord)
C= undirected sKeleton of & | =) i—

Theorem: (Geiger, Meek g’h/rrmcefs 2006) T FAE
(1) G is chordal

(z) M(6)=M(C)

in +his case M(G) is a toric varieJrg (e

i+ is defined by binomials.




S+aged Trees

Yo ={ X~ %)
xe f(x F(%,..... %p) = F(X)F (2l %) -
(= Tree represgmLleon of ¥

X, Xl e im X el




In a staged tree (/C@)you color
vertices on the same level

to represent egrualﬁy of
conditional distributions

3 . 'X»Xz‘“XK—I’\'%“‘gK—:

=l ‘ =

VAT

‘F (XK ' Xy XK—I) :‘F(XK ’ V:"'yk—/)

Vertices with the same color are 1n the same S7Lag@

J((T):{ 'féAO,Q),1 - £ Factors accordmg Yo 7§

EVQH:’ C“SCJ’Q'l—Q DAG mOCDQ\ 1S Q S"’GQQC’
+ree model




Example 1
X[g] =] (><|, ><2 Xg)

o £(Xsl00)=F(Xz|01)
o f(Xsl10)=f(Xz111)

So+S|=| j S2+S3=1, S4+ Sg = 1

S¢+Sq=1, 88+Sq:1

(o] o) o
A1 X qools X Aq S o (e A‘-? parame+ric Descriph’on
(S0.51, ... . 58.5q) — ( S02 Se, $0$253, S6S3 Se, S0S353,
S, S4 Sg, $,S4Sq, SiSsSs, S;SsSq)

M(T)= \/( Fooo Port = Poro Poor, Ploo Puni - P“OPIOO) A Aor,t

Lmplicit Descrip‘l‘ion




y 7
| PMJ = rR[So, Sl A Sq]/ f:mli-k?oﬁge

Doos F 052 Se
DOO\ — go 82,5:,1

DO|| - SO 8384

9‘00 — S| 54 88

Plo1 — $1S4Sq
P“OH S,5Ss Sy

Piil — S,SsSq

KQF( WT) :<Fooo Pon_ PO‘O IQOO'/ P’QO P“' - P"OPIOO>




(T,0)=aq s+aged Tree | (= (V, E)
H(e) is +he label on edge e
for wvel, vin level k-1

t(\/)iz E ( I e(e) ) E ﬂZ[G(e) .- eeE]

m
YE QEPJ\EK—I'] eEE (vovz)

- o[ sumover v-to-leaf paths of the
A% PVOCJUd’ of the nge labels in
QOCh poz‘H)

Vs &l lgaT




A pair of verkices v=%, - Xk, W=y, Yury i
the some stage is balanced if for al

C,j <. EdK]

t(vd)‘t(Wj):JC(va‘)’lr(vj) n R[6ce).
EE
‘Cis balanced it all vertices in the same eraege ]

are balanced




Theorem; (D, G'o'rgen ZOZO)
(7,6) is balanced &« M(T) is defined by

binomials (i.e. toric)
TV)Qorem: (D, Solus 2021) TTEAE

(1) © is chordal
CZ (e is balanced
() MG S defin@d by binomials

(o= staged Tree representation of &




