
20 . 19.2019
.

Lecture l :
-

Statistical Models

Exponential families
Toric varieties

We describe discrete random variables in terms
of its probability distributions and continuous random
variables in terms of its density functions .

X a random variate
.

discrete → probability distribution
continuous → density function

Example 1 :

-

(1) Suppose O-ECO.tl
.

X is a binomial random variable

P(X= 01=0 , PIX = 1) = ( i - f )
" suctcess " " fatilure "

(2) Suppose X is a univariate random variable

with mean =µ and variance = 02

X has density function

v.⇒
e-
':#

f-HIM .
a)=L

Def :
TA statistical model M is a collection of probability
distributions or density functions over a given space .

• A parametric statistical model Mon is the image of a

map from a finite dimensional parameter space ④ a Rtd to
a space of probability distributions or density



functions .

i.e
. Poo : ④ → Mom ,

OH Po ,

✓You { pg : QE ④ I

• For each parameter value in the model
,
we want each Po to

be uniquely determined by O
.

→ If this is the case , we say the model is identifiable .

Example 2 :
-

(1) The binomial random variable model
.

Take ④ = (0.17
, Poe : ①→ Mon e pi

^ Mio.
Oh lo . I - ol 4¥,

(2) The normal random variable model

④ = Phx R> o

(µ , o )↳ f- (XIN , o )

(3) The probability simplex .

Consider a discrete random variable X with outcome space
X -- fi . . . . .rs

,
fix pi -_PlX=i ) .

The set of all possible probability distributions for X is the

probability simplex

Dr- i = { ( pi . . . . . Pr ) E Rr : Piso
,
At Pat - it Pr -- if

→ Discrete statistical models are subsets of the probability simplex

(4) The independence model
. X -- discrete r - v .

with outcome space {n . - il

Y = "
-

"fi. . .
.? !

Denote the joint distribution of X and Y by pig. = PIX = i
. Y=j )



Poo : ④ = Or. , x Dc- i → Drc- i

( ai . . . .

.

ar ) x ( bi . . .
. .br/n ( a. bi . - - - - Arbr )

MX # y = { Po : QE Dr- Ix Oe- it
.

r -- 2 ( a. b .
.
a.ba

,

Asb.
.
azbz )

C -- 2 Poo Po , Pio Pil

µ×Iy=V( pi , Poo - Papo ) f) 03

→ The independence model is the Segre - embedding
Plc- ' × pr- ' → per - i

,

G.HU/arexponentialfamilies-

This definition is for discrete and continuous random variables .

X= sample space with o- algebra A .

✓ = o- finite measure on A
,
X is countable union of
measurable sets with finite

7- X'→ Rl" is a statistic
.

measure
.

i. e a measurable map .

T- ' ( Meas
.

set ) is Meas . in A
.

We define the natural parameter space

N={ n ERIK : §, hcx) . ent "" dux ) ca }

For MEN we define a prob. density Pn on X as

Pnlx ) = hcx ) ent
Tex ) - 0in,



Where oink log ( §, hcxlent
""
duh , ) → This is the

normalizing
constant

Let Pn be the probability measure on (X. A ) that has
v - density pn .

DEI Let k be a positive integer . The probability
distributions ( Pn : NEN) form a regular exponential
family .

• To show a family is a regular exponential family ,
find hlx)

, TIX) and show the family has the desired form .

Example.IMBinomial random variable model

(2) Univariate Normal random variable
.

More examples in Ch .
6

.



Discretegularexponentialfamih.es

Regular exponential families for discrete random variables
.

• X= Cr) -- { 1 . . . .

. rt → discrete outcome space .

• T :X→ Rt
"

⇒ TIX) is a vector for each xecr]
.

• h : X -i R ⇒ h is a vector ( hh ) , . . . . hlr) )

• For NERI
"

,
the normalizing constant 01h ) is a sum

2- (n ) = I hcxyent.TK)
X Ecr ]

• If XE Cr) ⇒ the exponential family is given by

pnlxt-hcxjent.TW - 01ns
.

Look at ht . TIX)
.

Write TlxI=ax= ( da! , n -- f?n! )
Qi -- explni )

set h -- ( h . . . . .

.hr/ERlrsoPnCxl=hcx1entTlxl- 01ns
= h× @

( N ' ' - - - -
Nk) - ( Aik . . . .

.
Arndt

%,

✓
" :*

-

01N )

= hx en ' " "
. . . enkakx

ZHI -¥. ,h×Qa
"

.
- - fan"

-



If ajx are integers ⇒ polx ) are rational functions on f .

Another way to describe distributions in an exponential
family .

loglpolx ) ) = log thx ) t ( log lol . . . . . loglor.tl - log (ZIA)

log ( pot = loglhlt ( log Hit . . . .

. loglfk ) ) A - A- log#lot )

If I C- row span ( A ) ⇒ v A- = I for some VERK

⇒ log ( pot = loglh ) t ( logHtt - log ( ZCODVTJA

POE Dr - i is a member of the family if

log ( Po) E Span { log (htt rowspan CA ) )
.

Def Let AE 12k
"

be a matrix of integers such that
A- E row span IA ) and let HERR> o .

The log - affine model
associated to these data is the set of probability
distributions

MA.hn. -- f pent for- i ) : log (p) E log ( h ) t rowspan (A) f

If h -- 1
,
then MA -- MA

. , is called a log - linear model
.

These are toric varieties
.

DEI h
.
A as before .

The monomial map associated to this data is

the rational map

¢ Ah : RIK→ Rr . ¢jAhff)= hj II. of"

we removed 2401 to homogenize the map .



Det h . A as before .
The ideal Ian If OA-KIRK) ) E pep]

is the toric ideal associated to the pair A. h
.

If h= 1 , we write IA = IA
.
I
.

Pit' Pjlhj

Proper Let AE Z
""

be a kxr matrix of integers .

Then the toric

ideal IA is a binomial ideal and

IA =L p
"
- pv : u.VE IN

'
and Au -- Av }

.

If I C- rowspan (Al , then IA is homogeneous.

Examples The independence model
.

Ex .
6. 2.6 .


