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Summary

In 1965 in the context of sonar detection, J. P. Costas studied a particular class of permutations of n elements to improve the
poor performance of Radar and Sonar systems [1]. These classes are now known as Costas Arrays. A Costas array of size n is
an n× n binary matrix such that there is exactly a single 1 per each row and each column (i.e., it is a permutation matrix)
and such that the line segments formed by joining pairs of 1s are all distinct [2]. There are two basic approaches currently
being adopted in research into Costas arrays. One is the finite field-based construction approach, and the other is computer
search. Although extensive research has been carried out on Costas arrays, many fundamental questions are not yet answered,
especially, do Costas arrays exist in all sizes?. Since 1984, the smallest sizes for which no Costas array is currently known are
32 and 33.

A new transformation

Definition 1. Let X = (xij) be a permutation matrix of
size n, where n ∈ N, 1 ≤ i, j ≤ n. Then X is a Costas array
if for any pairs of integers (r, s) 6= (0, 0), |r| ≤ n, |s| ≤ n,
the aperiodic autocorrelation function of A satisfies

Ca
X(r, s) =

∑
i,j

xi,jxi+s,j+r ≤ 1,

where X is extended with zeros when required.

Definition 2. Let X = [f(1), f(2), ..., f(n)] represent a
permutation array of size n, where n ∈ N, and f(i) is
the position of the nonzero entry in the ith column of X,
counting from top to bottom. Suppose that k is a positive
integer such that n is divisible by k. Let us define Ak(X) =
[g(1), g(2), ..., g(n)], where

g(i) = f

(
i+ ((k − i) mod k)n+ [(k − i) mod k]

k

)
.

Relation to Complexity Reduction
Until today, the enumeration of Costas arrays has been com-
pleted via computational methods for all n ≤ 29. However,
the total run-time of the search for n = 29 on a single CPU
required the equivalent of 366.55 years, but, the real time
required was approximately 230 days as a result of high
parallelization of the tasks [3]. One way of tackling the
Costas arrays problem would be to recognize any pattern in
sporadic Costas arrays, which is an arduous task to do [4].
Our primary purpose was to introduce a new transformation
under which the Costas property is invariant. Interestingly,
this transformation leaves the Costas property invariant for
algebraically constructed Costas arrays and some sporadic
Costas arrays. In our next step, we will search for the possi-
ble existence of common property of sporadic Costas arrays
and algebraically constructed ones for which the Costas
property is invariant after applying our newly introduced
transformation. By doing so, we expect to reduce the search
space for such arrays.

Main Results

Theorem 1 (Welch Construction [2]). Let α be a primitive
root of GF (p), with p a prime. Then the (p− 1)× (p− 1)
permutation matrix with xij = 1 if and only if i ≡ αj

(mod p), 1 ≤ i ≤ p− 1, 0 ≤ j ≤ p− 2, is a Costas array.

Theorem 2 (Lempel-Golomb Construction [2]). Let α and
β be two primitive roots of GF (q) with q > 2. Then the
(q− 2)× (q− 2) permutation matrix with xij = 1 if and only
if αi + βj = 1, 1 ≤ i, j ≤ q − 2, is a Costas array.

Theorem 3 ([5]). Let X = [f(1), f(2), ..., f(n)] represent
a Costas array of size n, where n ∈ N, and k is a positive
integer such that n is divisible by k. Then the aperiodic
Auto-Correlation function values of Ak(X) for all possi-
ble non-zero shifts are at most two, where Ak(X) is the
transformation introduced in Definition 2.

Theorem 4 ([5]). Let X = [f(1), f(2), ..., f(n)] represent a
Costas array constructed by the Welch Construction from
theorem 1. Then Ak(X) is a Costas array, where Ak(X) is
the transformation introduced in Definition 2.

Theorem 5 ([5]). Let X be a Costas array obtained via
the Lempel or Golomb construction, as in theorem 2 of size
q − 2. Then Ak(X) is a Costas array, where Ak(X) is the
transformation introduced in Definition 2.

1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0

0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
1 0 0 0 0 0
0 0 1 0 0 0

X = [1, 3, 2, 5, 6, 4] A2(X) = [5, 1, 6, 3, 4, 2]

Figure 1: The array X is Welch Costas array generated over GF (7)
with α = 3. By taking k = 2 we can construct A2(X) as in Definition
2.
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