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Log-linear models: The log-linear model
M, ., is the set of probability distributions (29, 15 Sg S1) > (89S0> 1051 11S0» 1151)

My, =1{p € A,_, :logp € logw + rowspan(A) } M, = @™ (R N A3

= {(Poo> Po1-P10-P11) € A3 :

The model is parametrized by monomials PooP11 — PoiPio = 0}
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Log-linear models: The log-linear model
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Why log-liner models?

M, ,, is the set of probability distributions

e Useful and popular for

My, =1{p € A,_, :logp € logw + rowspan(A) } analysis of categorical data.
 Hierarchical models
The model Is parametrized by monomials * undirected graphical models
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Let M C A, _, be a discrete statistical model and (u, ..., u,) € N" a i.i.d data vector

r
The likelihood function is L(p |u) = | | p*
i=1
The maximum likelihood estimate (MLE) for (u, ..., u,) is

Vo

p = argmax ¢, L(p | u)

The function @ : N — M, u — p is the maximum likelihood estimator.
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Uiy = Ui T Ui, Ui = Uy + Uy;



Ae 7, 1€ rowspan(A), w € | ;o

Birch’s Theorem: Let u = (u,, ..., u,) be the vector of counts of n i.i.d

samples. Then the MLE in M, ,, given u is the unique solution if it exists, to

the equations Au=nAp, pEM,
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A model has rational MLE if ® : N" — M, u — p is a rational function of u.
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Birch’s Theorem: Let u = (u,, ..., u,) be the vector of counts of n i.i.d

samples. Then the MLE in M, ,, given u is the unique solution if it exists, to
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A model has rational MLE if ® : N" — M, u — p is a rational function of u.

GOAL: Classify all log-linear models with rational MLE
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A E de”, 1 € rowspan(A), w €l ;o’

1
P = conv(ay, ...a,) where a; is the j-th column of A A= (1)
0

(O,lﬁ\ (1,1)

(So» S15 19> 1) > (Splos Sot1s S1lps S111)

Maximum Likelihood Estimator (MLE)
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U, = Ujp+ Uy, Uiy = Uy T Uy;

Theorem: The statistical model M, ,, has rational MLE if and only if the
pair (P, w) has rational linear precision.

Garcia-Puente and Sottile (Adv. Comput. Math 2009)
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D. Cox and P. Clarke (2020): Give charaterization of pairs aeometric Nodeling
(P, w) that have strict linear precision.

Method of proof:
Horn matrices associated to statistical models with rational MLE

Questions:

¢How does the Horn matrix relate to the geometry of the polytope?

¢Does the normal fan of the polytope relate to the Horn matrix via primitive
collections?

¢Classify Horn matrices of polytopes with rational linear precision.



Theorem: A discrete statistical model has rational MLE @ if and only if there
exists a Horn pair (H, A) such that ®(u) = (/11 - (Hu), Y/ (Hu)hn).
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0 1 0 A= LLD, w Uy |’ y Uy Ui = Uy T Uy
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-1 -1 -1 -1 —Uy
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Duarte, Marigliano, Sturmfels (Bernoulli 2020)
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Breakout rooms

e How to construct a Horn pair

(H,/l)? p I 0 0) (aA,w), a=1
) —1 —1 -—

e \Write down some Horn matrix BN o
that comes to mind. Is it the Tt (10 0) i am e
MLE of a statistical model fora =, | L N SRR N A0
suitable A ? 1t Fs & T

e How to obtain the Horn o SR S NV RS R RN N
matrices from the picture? 5 o
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Theorem: A discrete statistical model has rational MLE @ if and only if there
exists a Horn pair (H, A) such that ®(u) = (/11 - (Hu), Y/ (Hu)hn).
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Duarte, Marigliano, Sturmfels (Bernoulli 2020)
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Geometric Modeling

Polytopes with rational linear precision in dimension two
(al,, w) (aA; X bA{,w) (Lo par W)

T T
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Bezier triangle patch Tensor product patch Trapezoidal patch

Von Bothmer, Ranestad and Sottile (FoCM 2010)
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Normal Fans and primitive collections

A fan 2 in Ny is a finite collection of cones
such that:

(1) Every o € 2 is a strongly convex rational
polyhedral cone.

(2) For each o € 2., each face of ¢ is also in 2.

(8) For all 0y, 0, € X, the intersection o N o,
is a face of each.

2.(1) := one-dimensional faces

A subset C C 2(1) is a primitive collection if:

@ C C o(l)forallo € 2,

(b) For every proper subset C' C C there is
o € 2 with C' C o(1)
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Theorem: For all pairs (P, w) in dimension

two with rational linear precision, the Horn
matrix for the statistical model associated to

(P,w) is:

F, h(m;)

where /,(m,) is the lattice distance from F;

to the lattice point m . The negative rows

are obtained by adding the faces in the
same primitive collection.

Davies, Duarte, Portakal and Sorea (in preparation)



(@B X DA, W), a=b=1 Theorem: For all pairs (P, w) in dimension
two with rational linear precision, the Horn
matrix for the statistical model associated to

(P,w) is:
1.
F; F, F, J
Fy I F,
(0,0) (1,0) F;| hm)
Iy
0,00 (1,00 (O,1) (1,1) N,
I 1 1 0 0 Ny
1;4 o o0 1 1 where /,(m,) is the lattice distance from F;
3 1 0 1 0
F, o 1 o 1 [ *=W 11 Dtothelattice point m; . The negative rows
—(gz + 11;4) -1 -1 -1 -1 are obtained by adding the faces in the
IR U B B B same primitive collection.

17 Davies, Duarte, Portakal and Sorea (in preparation)
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(aA,,w), a=1
A=(-1, -1, —1)

(aA; X bA,w), a=b=1

A=(1, 1, 1, 1

(T pasw)hra=b=d=1

’ /1:(_19_29_19191)
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